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Abstract
The sextic spline is used for numerical solutions of the fifth order linear special case boundary value problems. End conditions
for the definition of the spline are derived, consistent with the fifth order boundary value problem. The algorithm developed
approximates the solutions, and their higher order derivatives. The method is compared with that developed by Caglar et al.
[H.N. Caglar, S.H. Caglar, E.H. Twizell, The numerical solution of fifth-order boundary-value problems with sixth-degree
B-spline functions, Appl. Math. Lett. 12 (1999) 25–30], which is first order convergent, while the method developed in this work
is observed to be second order convergent. Two examples are considered for the numerical illustration of the method developed.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Little description of the solution of fifth order boundary value problems appears in the numerical analysis literature.
These problems generally arise in the mathematical modelling of viscoelastic flows [1,2]. The conditions for existence
and uniqueness of solutions of such boundary value problems are explained by theorems presented by Agarwal [6].
Caglar et al. [3] solved fifth order linear and nonlinear boundary value problems using the sixth degree B-spline.
Usmani and Sakai [5] solved the linear special case third order boundary value problems using the quartic spline.
In this work, the method developed by Usmani and Sakai [5] is extended for the solution of fifth order boundary
value problems, using the sextic spline.
The following is the fifth order linear special case boundary value problem to be solved:
y(5)(x)+ f (x)y(x) = g(x), x ∈ [a, b],
y(a) = α0, y(b) = α1,
y(1)(a) = γ0, y(1)(b) = γ1,
y(2)(a) = δ0,
 (1.1)
where αi , γi ; i = 0, 1, and δ0 are finite real constants and the functions f (x) and g(x) are continuous on [a, b].
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The work is organized into five sections. In Section 2, the consistency relations involving values of the sextic spline
and its higher order derivatives at the knots are discussed. A lemma required for the derivation of end conditions is
also derived in this section. In Section 3, the end conditions required for the solution of BVP (1.1) are derived. In
Section 4, the sextic spline solution of BVP (1.1) is discussed.
Finally, in Section 5, two examples are considered, one of which is that considered by Caglar et al. [3].
2. Consistency relations
Consider the following sextic spline:
Si (x) = ai (x − xi )6 + bi (x − xi )5 + ci (x − xi )4 + di (x − xi )3 + ei (x − xi )2 + fi (x − xi )+ gi
defined on [a, b], where x ∈ [xi−1, xi ] with equally spaced knots,
xi = a + ih; i = 0, 1, . . . , k. (2.1)
Here h = (b − a)/k.
Let
mi = S(1)i (xi ), Mi = S(2)i (xi ),
ni = S(3)i (xi ), Ni = S(4)i (xi ),
ti = S(5)i (xi ),
 i = 0, 1, . . . , k. (2.2)
Moreover, let y(x) be the exact solution of the BVP (1.1) and yi be an approximation to y(xi ), obtained from the
sextic spline S(xi ).
Applying the derivative continuities of order up to the maximum of 5, Siddiqi and Ghazala [7] derived the following
consistency relations, which are necessary for completing the definition of the sextic spline:
mi−3 + 57mi−2 + 302mi−1 + 302mi + 57mi+1 + mi+2 = −6h [yi−3 + 25yi−2 + 40yi−1
− 40yi − 25yi+1 − yi+2], (2.3)
Mi−2 + 56Mi−1 + 246Mi + 56Mi+1 + Mi+2 = 30
h2
[yi−2 + 8yi−1 − 18yi + 8yi+1 + yi+2], (2.4)
ni−3 + 57ni−2 + 302ni−1 + 302ni + 57ni+1 + ni+2 = −120
h3
[yi−3 + yi−2 − 8yi−1
+ 8yi − yi+1 − yi+2], (2.5)
Ni−2 + 56Ni−1 + 246Ni + 56Ni+1 + Ni+2 = 360
h4
[yi−2 − 4yi−1 + 6yi − 4yi+1 + yi+2], (2.6)
ti−3 + 57ti−2 + 302ti−1 + 302ti + 57ti+1 + ti+2 = −720
h5
[yi−3 − 5yi−2 + 10yi−1
− 10yi + 5yi+1 − yi+2], (2.7)
h{−60mi−1 − 360mi − 60mi+1} + h3{ni−1 − 22 ni + ni+1} = 240{yi−1 − yi+1}, (2.8)
−240h{mi+1 + 4mi + mi−1} + h5{ti−1 + 6ti + ti+1} = 720{yi−1 − yi+1}, (2.9)
90h{mi−1 − mi+1} + h4{Ni−1 + 13Ni + Ni+1} = −180{yi−1 − 2yi + yi+1}, (2.10)
9h{mi−1 − mi+1} + h2{Mi−1 − 8Mi + Mi+1} = −24{yi−1 − 2yi + yi+1}, (2.11)
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mi = −18640h {h
5(ti−3 + 56ti−2 + 248ti−1 + 124ti + 3ti+1)
+ 720yi−3 − 4320yi−2 + 12960yi−1 − 7200yi − 2160yi+1}, (2.12)
Mi = −1
84h2
{−h(mi−3 + 58mi−2 + 366mi−1 + 302mi − 7mi+1)
− 6yi−3 − 156yi−2 − 432yi−1 + 636yi − 42yi+1}, (2.13)
ni = −1
28h3
{−h(mi−3 + 56mi−2 + 222mi−1 − 136mi − 23mi+1)
− 6yi−3 − 144yi−2 + 48yi−1 + 240yi − 138yi+1}, (2.14)
Ni = −1
7h4
{h(2mi−3 + 116mi−2 + 690mi−1 + 604mi + 28mi+1)
+ 12yi−3 + 312yi−2 + 612yi−1 − 768yi − 168yi+1}. (2.15)
The unique spline S can be established, showing that all of the five (k + 1) × (k + 1) linear systems obtained using
one of the relations (2.3)–(2.7) together with the five equations derived from the end conditions of S are non-singular.
For finding the numerical solution of the fifth order boundary value problem, the linear system corresponding to (2.7)
has been chosen and has a unique solution for ti s, i = 0, 1, . . . , k.
Considering the system (2.7) and assuming that ti = − fi yi + gi , i = 0, 1, . . . , k, then system (2.7) gives (k − 4)
linear algebraic equations in the (k − 1) unknowns (yi , i = 1, 2, . . . , k − 1). Three more equations are needed to
have complete solutions for yi s which are derived in Section 3.
The following lemma is needed for the derivation of the end conditions determined in Section 3:
Lemma 2.1. Let λi = ti − y(5)i , i = 0, 1, . . . , k. If y ∈ C7[a, b], then
λi−3 + 57λi−2 + 302λi−1 + 302λi + 57λi+1 + λi+2 = βi ; i = 3, 4, . . . , k − 2, (2.16)
where |βi | ≤ 50707 h2‖y(7)‖, i = 3, 4, . . . , k − 2.
Proof. Following Papamichael and Worsey [4], let λi = ti − y(5)i , i = 0, 1, . . . , k, and y ∈ C7[a, b]; then putting
ti = λi + y(5)i in Eq. (2.7) the following can be written:
λi−3 + 57λi−2 + 302λi−1 + 302λi + 57λi+1 + λi+2 = [−y(5)i−3 − 57y(5)i−2 − 302y(5)i−1
− 302y(5)i − 57y(5)i+1 − y(5)i+2]
− 720
h5
[yi−3 − 5yi−2 + 10yi−1
− 10yi + 5yi+1 − yi+2]
= βi ; i = 3, 4, . . . , k − 2.
Expanding each term in βi using Taylor series about the point xi , βi can be bounded as
βi ≤ 132 h
2y(7)i + 302
(
1
2
h2y(7)i
)
+ 57
(
1
2
h2y(7)i
)
+ 57(2h2y(7)i )
+ 1
h5
(
720
(
− 463
1008
h7y(7)i −
10
5040
h7y(7)i +
5
5040
h7y(7)i +
40
315
h7y(7)i
))
⇒ |βi | ≤ h2|y(7)i |
(∣∣∣∣132
∣∣∣∣+ ∣∣∣∣3022
∣∣∣∣+ ∣∣∣∣572
∣∣∣∣+ |114| + ∣∣∣∣−23157
∣∣∣∣+ ∣∣∣∣−107
∣∣∣∣+ ∣∣∣∣57
∣∣∣∣+ ∣∣∣∣6407
∣∣∣∣)
≤ 5070
7
h2‖y(7)‖, where ‖y(7)‖ = max
x∈[a, b] |y
(7)(x)|. 
Finally the required end conditions are derived in the following section.
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3. End conditions
Consider the end conditions of the form
t0 + αt1 + βt2 + γ t3 + t4 = 1
h5
[
4∑
i=0
ai yi + hb0y(1)0 + h5c0y(5)0
]
,
t1 + µt2 + νt3 + δt4 + t5 = 1
h5
[
4∑
i=0
ei yi+1 + hb1y(1)0 + h2c1y(2)0
]
,
tk + αtk−1 + βtk−2 + γ tk−3 + tk−4 = 1
h5
[
4∑
i=0
ai yk−i − hb0y(1)k − h5c0y(5)k
]
.

(3.1)
Assuming that y ∈ C7[a, b] and
λi = ti − y(5)i , i = 0, 1, . . . , k,
Eqs. (3.1) and (2.7) give
λ0 + αλ1 + βλ2 + γ λ3 + λ4 = β1, (3.2)
λ1 + µλ2 + νλ3 + δλ4 + λ5 = β2, (3.3)
λi−3 + 57λi−2 + 302λi−1 + 302λi + 57λi+1 + λi+2 = βi ; i = 3, 4, . . . , k − 2, (3.4)
λk + αλk−1 + βλk−2 + γ λk−3 + λk−4 = βk−1, (3.5)
where
β1 = 1
h5
[
4∑
i=0
ai yi + hb0y(1)0 + h5c0y(5)0 − h5(y(5)0 + αy(5)1 + βy(5)2 + γ y(5)3 + y(5)4 )
]
, (3.6)
β2 = 1
h5
[
4∑
i=0
ei yi+1 + hb1y(1)0 + h2c1y(2)0 − h5(y(5)1 + µy(5)2 + νy(5)3 + δy(5)4 + y(5)5 )
]
(3.7)
and
βk−1 = 1
h5
[
4∑
i=0
ai yk−i − hb0y(1)k − h5c0y(5)k − h5(y(5)k + αy(5)k−1 + βy(5)k−2 + γ y(5)k−3 + y(5)k−4)
]
. (3.8)
Moreover, from Lemma 2.1
|βi | ≤ 50707 h
2‖y(7)‖, i = 3, 4, . . . , k − 2. (3.9)
The scalars b0, c0 and ai , i = 0, 1, . . . , 4, are determined in terms of α, β, γ , while b1, c1 and ei , i = 0, 1, . . . , 4, are
determined in terms of µ, ν and δ, such that β1, β2 and βk−1 are bounded by O(h2). Moreover, α, β, γ , µ, ν and δ
are chosen such that the system (3.2)–(3.5) has a unique solution.
Following Papamichael and Worsey [4], the required end conditions may be written as
t0 + t4 = 1
h5
[
25y0 − 48y1 + 36y2 − 16y3 + 3y4 + 12hy(1)0 −
2
5
h5y(5)0
]
, (3.10)
t1 + t5 = 1
h5
[
198 160
12 019
y1 − 459 65012 019 y2 +
417 960
12 019
y3 − 192 67012 019 y4 +
36 200
12 019
y5
+ 56 940
12 019
hy(1)0 +
28 260
12 019
h2y(2)0
]
(3.11)
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and
tk + tk−4 = 1
h5
[
25yk − 48yk−1 + 36yk−2 − 16yk−3 + 3yk−4 − 12hy(1)k +
2
5
h5y(5)k
]
. (3.12)
The sextic spline solution of the boundary value problem (1.1) is defined in the next section.
4. Sextic spline solution
The sextic spline solution of boundary value problem (1.1) is based on the linear equations (3.10), (3.11), (2.7) and
(3.12). Let Y = [y1, y2, . . . , yk−1]T and C = [c1, c2, . . . , ck−1]T; then the parameters yi of S satisfy the following
matrix equation:
(A+ h5 BF)Y = C,
where
A =

−48 36 −16 3
198 160
12 019
−459 650
12 019
417 960
12 019
−192 670
12 019
36 200
12 019
−5 10 −10 5 −1
1 −5 10 −10 5 −1
. . .
. . .
. . .
. . .
. . .
. . .
1 −5 10 −10 5 −1
1 −5 10 −10 5
3 −16 36 −48

,
B =

0 0 0 1
1 0 0 0 1
−19
240
−151
360
−151
360
−19
240
−1
720
−1
720
−19
240
−151
360
−151
360
−19
240
−1
720
. . .
. . .
. . .
. . .
. . .
. . .
−1
720
−19
240
−151
360
−151
360
−19
240
−1
720
−1
720
−19
240
−151
360
−151
360
−19
240
1 0 0 0

and F = diag( fi ); i = 1, 2, . . . , k − 1.
Moreover,
c1 = −25y0 − 12hy(1)0 + h5
[
7
5
(g0 − f0 y0)+ g4
]
, (4.1)
c2 = −56 94012 019 hy
(1)
0 −
28 260
12 019
h2y(2)0 + h5 (g1 + g5) , (4.2)
c3 = −h
5
720
(g0 − f0y0 + 57g1 + 302g2 + 302g3 + 57g4 + g5)− y0, (4.3)
ci = −h
5
720
(gi−3 + 57gi−2 + 302gi−1 + 302gi + 57gi+1 + gi+2); i = 4, 5, . . . , k − 3, (4.4)
ck−2 = −h
5
720
(gk − fk yk + 57gk−1 + 302gk−2 + 302gk−3 + 57gk−4 + gk−5)+ yk (4.5)
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Table 1
Maximum absolute errors for problem (5.1) in y(µ)i , µ = 0, 1, 2, 3, 4, 5
h yi y
(1)
i y
(2)
i y
(3)
i y
(4)
i y
(5)
i
1
8 5.59× 10−4 5.1× 10−3 2.95× 10−2 9.19× 10−2 1.63× 10−1 5.95× 10−4
1
16 3.41× 10−5 3.59× 10−4 2.5× 10−3 9.9× 10−3 2.55× 10−2 3.41× 10−5
1
32 1.59× 10−6 2.40× 10−5 2.39× 10−4 1.4× 10−3 4.9× 10−3 1.59× 10−6
1
64 2.47× 10−7 1.56× 10−6 3.33× 10−5 2.61× 10−4 1.1× 10−3 2.47× 10−7
1
128 8.90× 10−8 3.68× 10−7 6.79× 10−6 6.20× 10−5 2.83× 10−4 8.91× 10−8
1
256 6.65× 10−8 2.60× 10−7 3.99× 10−6 3.59× 10−5 1.9× 10−3 6.65× 10−8
Table 2
Maximum absolute errors for problem (5.1) in yi
h |y(xi )− yi | |y(xi )− yi |
Method presented Caglar et al. [3]
1
10 2.2593× 10−4 0.1570
1
20 1.33× 10−5 0.0747
1
40 5.2812× 10−7 0.0208
and
ck−1 = −25yk + 12hy(1)k + h5
[
3
5
(gk − fk yk)+ gk−4
]
. (4.6)
The method for the sextic spline solution of the boundary value problem (1.1) is implemented considering two
examples in the following section.
5. Numerical results
Example 1. Consider the following boundary value problem:
y(5)(x)− y(x) = −(15+ 10x)ex , 0 ≤ x ≤ 1,
y(0) = y(1) = 0,
y(1)(0) = 1, y(1)(1) = −e,
y(2)(0) = 0.
 (5.1)
The analytic solution of the above differential system is
y(x) = x(1− x)ex .
The maximum errors (in absolute values) associated with y(µ)i , µ = 0, 1, 2, 3, 4, 5, for the system (5.1) are
summarized in Table 1.
It is to be noted that the above example is also considered by Caglar et al. [3]. The comparison of the maximum
absolute errors of the method developed in this work with those for the method developed by Caglar et al. [3] is
shown in Table 2, which shows that the new method is more efficient.
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Table 3
Maximum absolute errors for problem (5.2) in y(µ)i , µ = 0, 1, 2, 3, 4, 5
h yi y
(1)
i y
(2)
i y
(3)
i y
(4)
i y
(5)
i
1
8 8.63× 10−4 3.7× 10−3 9.0× 10−3 1.18× 10−2 4.53× 10−2 5.06× 10−4
1
16 4.43× 10−5 2.53× 10−4 7.55× 10−4 2.00× 10−3 1.21× 10−2 3.04× 10−5
1
32 9.45× 10−6 2.11× 10−5 8.92× 10−5 5.29× 10−4 3.1× 10−3 2.42× 10−6
1
64 2.79× 10−6 5.09× 10−6 1.77× 10−5 1.35× 10−4 7.84× 10−4 6.75× 10−7
1
128 7.17× 10−7 1.25× 10−6 4.40× 10−6 3.41× 10−5 4.50× 10−3 1.71× 10−7
1
256 8.67× 10−8 2.28× 10−7 2.35× 10−6 2.09× 10−4 4.87× 10−2 4.32× 10−8
Example 2. For x ∈ [−1, 1], consider the following boundary value problem:
y(5)(x)+ xy(x) = 19x cos(x)+ 2x3 cos(x)+ 41 sin(x)− 2x2 sin(x),
y(−1) = y(1) = cos(1),
y(1)(−1) = −y(1)(1) = −4 cos(1)+ sin(1),
y(2)(−1) = 3 cos(1)− 8 sin(1).
 (5.2)
The analytic solution of the above problem is
y(x) = (2x2 − 1) cos(x).
The results are summarized in Table 3.
6. Conclusion
A sextic spline solution of a fifth order linear special case boundary value problem is developed. The method is
tested on two examples, one of which is that considered by Caglar et al. [3]. It has been observed that the method
developed is more efficient.
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